The discovery of atomically thin layered materials such as graphene and transition metal dichalcogenides has unveiled the unique exploration of novel fundamental physics and device applications in two-dimensions. Characterization of their crystal symmetry and subsequent electronic properties are prominent to realize the full potential of these reduced dimensional systems, which fundamentally determine the topology, chirality and rich interfacial physics. Second harmonic generation (SHG), a nonlinear optical effect, is sensitive to crystal symmetry and electronic structures, which proves to be one of the most powerful yet simple technique to capture the essence physics. On the other hand, the 2D nature of layered materials enables large tunability in its physical properties with a number of external stimuli, which in turn paves the way for the development of 2D nonlinear optoelectronic applications. In this review, we overview recent efforts employing second harmonic generation spectroscopy and microscopy to probe lattice structures and dipole polarizations in two-dimensional transition metal dichalcogenide and polar materials. In addition, multiple external stimuli used to control SHG as potential optoelectronic devices are covered. We conclude with a perspective on the future directions of exploration on emerging 2D magnetic and topological materials based on SHG spectroscopy.
heterostructure can be designed with arbitrary angles hence results in large variance of symmetries [19] [20] [21] . Such variety leads to booming engineering of materials' properties.
However, atomic thickness of layered materials makes the sample characterization become challenging because signal decreases for thinner samples. Hence, clean surface or high vacuum becomes necessary for most of characterization tools. Second Harmonic Generation (SHG) stands out as one attractive characterization approach because of it simplicity, versatility and non-contact ability [22] . More specifically, pulse-laser excitation of SHG makes this technique very unique as remote sensing since the SHG from surface is highly directional. If combining with a pulse-laser probe, it is also potential to use SHG to monitor the fast dynamic change of those monolayers [23] .
SHG as a second-order nonlinear optical process is only allowed in a material with inversion symmetry breaking [22] . Consider an optical wave with a frequency ω , passing through a material ( Fig. 1(a) ). The wave-induced dipoles can behave like anharmonic oscillators, which oscillate at the frequency 2ω , 3ω and so on and radiate electromagnetic (EM) waves accordingly. In the SHG spectroscopy, we specifically focus on the EM wave with frequency 2ω . And quantitatively the induced dipole component (2) (2 ) P ω , as the source of the second harmonic radiation, is determined by ( 2) 2 E ( ) χ ω , where (2) χ is the nonlinear susceptibility. Considering one material has inversion symmetry, the excitation fields E( ) ω and E( ) ω − will induce the dipoles (2) (2 ) P ω and (2) (2 ) P ω − respectively. The relation between induced dipole and excitation filed cannot be built unless the (2) 0 χ = .
Hence the SHG is zero and forbidden for centrosymmetric materials. The measurement setup for SHG is fairly simple. The excitation of ω frequency is generally pulsed laser so that power is enough for anharmonic excitation. The SHG which is the double frequency differs itself from the excitation so that one can filter the signal out of the excitation easily. In the following, we discuss the applications of SHG to layered materials in the perspectives of revelation of in-plane symmetry, layer-thickness dependence, stacking orders, and out-of plane polarity as well as its unique optical and electrical tunability in two-dimensional materials. . Individual layers are identical to the 2H structure, however the unit cell and bulk crystal are noncentrosymmetric. The layers are oriented in such a way that the dipoles are parallel allowing for constructive interference of SHG in (e). (b), (d), (e) are reprinted from ref [24] with permission from Springer Nature and (c) is adapted from ref [25] with permission from American Physical Society.
SHG characterization of layered TMDCs and their heterostructures
As one important member in layered materials, ultrathin group VI transition metal dichalcogenides (MX 2 , M = Mo,W; X = S, Se, Te) have gained prominent attention because of many unique properties such as the emerging photoluminescence [26, 27] , excellent transistor on-off ratio [9] , optical valley polarization [11, 28] , large exciton and trion binding energies [29, 30] , superconductivity [31] and piezoelectricity [32, 33] . In addition, multiple crystal structure forms like 2H, 1T', T d phase coexist and some of which are even under topological protection. Most of these significant features originate from their layer-dependent crystal symmetry, which can be easily revealed by SHG. In this section, application of SHG to explore layer-dependent crystal symmetry in 2H and 3R TMDs, stacking angle in artificial heterostructures as well as polarized pattern are discussed.
Layered dependent symmetry breaking and preservation in single crystalline TMDs
The most commonly studied bulk crystal phase of MX 2 is the 2H polytype, with two X-M-X unit cells of trigonal prismatic coordination and space group D 6h ( Fig. 1(b) ). For odd layers, the lack of inversion symmetry gives rise to a finite second-order nonlinearity and SHG intensity, which is absent in even layers [25] (Fig. 1(c) ). Such layer-dependent SHG in 2H MX 2 can be also understood by the coherent interference effect. In single layer of MX 2 , the nonlinear susceptibility is a finite number but alternative sign in adjacent layers due to AB stacking. For nanoflakes with even layer number, the SHG signals from adjacent layers are cancelled out. Hence, high contrast of SH intensity between odd and even numbers can be used to characterize parity of layer number. For odd layers of MX 2 with finite SHG, the exact layer number is further identified by intensity variation of SHG with layers number [34] .
In contrast to AB stacking in 2H phase, in which the even layers restore the inversion symmetry, the layers in the 3R phase remain the same orientation and shift along the in-plane direction ( Fig. 1(d) ). The dipoles are parallel to allow for constructive interference of SHG, resulting in quadratic increase of second-harmonic intensity with more layers [24] (Fig. 1(e) ). This finding also verified the atomically phase-matching in 2D crystals. While in 1T' phase form, the trend of layer dependent SHG is opposite to that in 2H phase. In other words, even layers of 1T' crystal with inversion symmetry breaking display significant SHG while odd layers with inversion symmetry show negligible SHG [35] . Therefore, the stacking sequence of 2D materials plays a very important role in determining the preservation or breaking the inversion symmetry in atomically thin crystals and corresponding SHG intensity.
SHG characterization of twisted angles in artificial TMDs heterostructures
Moreover, designed vertical stacking of TMDs heterostructures with specific twisted angles creates new material system with tailored properties [36, 37] .Given the atomic phase-matching condition, SHG from the artificial heterostructure can be regarded as a coherent superposition of the SH fields from the individual layers [38] , with a phase difference depending on the stacking angle ( Fig. 2(a)-2(d) ). The linearly polarized SH fields for each layer is generated through the linear polarized fundamental excitation field. The total SH electric field (2 ) I stand for the SH intensities from the stacking region, the monolayer flake 1, and flake 2, respectively; and (3 ) θ dependence. Therefore, by building the relationship between SHG intensities from stacking and bare regions, the angle of stacking can be easily resolved without any damage to materials. With the same interference principle for electric fields from different layers, researchers take advantage of the SHG destruction to identify domain walls in 2D materials as well. For instance, polycrystalline flakes with in-plane stitched patches are commonly obtained from CVD synthesis. Destructive interference occurs when neighboring domains grow with opposite dipoles or orientation mismatch, resulting in dark line referring to domain walls [39] . Such visualization of crystal grain boundaries provides key information for optimization of single crystallization in CVD growth. 
Polarized SHG identifies crystal orientation
Considering the fabrication of a heterostructure with specific requirement of stacking angle, the knowledge of crystal orientation is fundamental as the first step. Polarized SHG establishes a relation with the sample's rotation angles and works as a precise optical probe of the orientation of the crystallographic axes [34] . Essentially an analyzer was used to select the polarization components of the SH radiation lying either parallel or perpendicular to the polarization of the pump beam. The working principle for this method is described below and we take the monolayers of 2H TMDs as an example. Exfoliated monolayers of 2H TMDs belong to the D 3h symmetry group, which gives only one independent nonvanishing element of the nonlinear response: 
, where ω is the laser frequency, 2ω is the SH frequency, and C is a proportionality constant which contains local-field factors determined by the local dielectric environment. For a pump-laser polarization parallel or perpendicular to the polarization of the input laser, the generated second-harmonic electric field is expressed as
respectively, where φ is the angle between the input laser polarization and the x direction and 0 φ is the initial crystallographic orientation of the MoS 2 sample. Hence the intensity of the generated SHG is proportional to 2 0 cos (3 ) φ φ + ( Fig. 2(e) ). At maximum (minimum) of SHG intensity in parallel (perpendicular) configuration, the direction of polarization of input laser represents to armchair direction accordingly. With such relationship, polarized SHG has been widely used to characterize the crystal orientation for odd layers of 2H phases. While for other crystal forms of 2D materials belonging to different space groups, two-fold or four-fold pattern are employed as indicators of crystal orientation [40] .
SHG characterization of 2D polar materials
Beyond transition metal dichalcogenide monolayers with intrinsic in-plane asymmetry, 2D polar materials with breaking out-of-plane mirror symmetry and finite vertical dipoles, are expected to have more degree of freedom for manipulation of spin and electrical properties [41, 42] . Angle-dependent polarized SHG technique plays a significant role to characterize stable out-of-plane dipoles in both Janus structures [43] and out-of-plane 2D ferroelectric materials [44] . Janus MoSSe monolayers were first synthesized through replacing one atomic layer of S atom with H and then Se in sequence (Fig. 3(a) ). The imbalance of S and Se atom, bonded with Mo atom in bottom and top, breaks the mirror symmetry and results in an out-ofplane dipole. Such atomic polar structure can be an important platform to study dipole-dipole correlations and strong coupling with plasmonic structures, characterization of its optical vertical dipole is necessary. To verify polar structure, researchers conducted polarizationselective SHG measurements with tilted-angle incidence (Fig. 3(b) ). In this type of measurement, the p-polarized light pump and SHG detection were set perpendicular to Mo-X bond direction to minimize the contribution from the in-plane dipole. In the next, positioning the incident pump beam off-center at the back aperture of the microscope objective generates the tilted angle of incident beam at sample plane. With larger incident angle, the authors observed that the SHG intensity increase in the Janus MoSSe after an angle-dependent collection efficiency normalization (Fig. 3(c) ). This is a signature of presence of out-of-plane optical dipole, which contributes more SHG emission with the stronger projected zcomponent of the field as the incident angle increases.
The same method was also used to characterize out-of-plane dipole in two-dimensional ferroelectric In 2 Se 3 . In a single layer of In 2 Se 3 , five layers of atoms stack through covalent bond as Se-In-Se-In-Se, which belongs to R 3m space group (Fig. 3(d) ). The Se atom sits asymmetrically in the middle and breaks inversion symmetry, providing two degenerate states with opposite out-of-plane electric polarizations and second-order nonlinear polarization in plane. Since the depolarization field is large, there is a chance that ferroelectric order is not stable at low-dimensional limit [45, 46] . The verification of the presence of the out-of-plane asymmetry at 2D limit becomes the first step for confirming ferroelectric order. Following the same process above, researchers first rotated the crystal to the SHG extinction point for inplane nonlinear dipole contribution, where the In-Se bond direction is perpendicular to both the incident and detecting polarization direction. And then the tilting incident beam drives the out-of-plane dipole. As the tilt angle increases, SHG intensity increases as the z component of the optic electric field becomes stronger and is symmetric for positive and negative tilt angle. With this method, out-of-plane polarization in ferroelectric materials is preliminarily confirmed. 
Large enhancement and tunability of SHG in two-dimensional materials

Large enhancement and tunability of SHG by excitonic effect
Monolayers of TMDs have large second-order nonlinear coefficients, which represent the efficiency of generating SHG. For example, the MoS 2 monolayer has an effective nonlinear susceptibility that is 1 order of magnitude larger than transparent nonlinear crystals and similar to absorbing ones [34] . Besides the large nonlinear coefficients, the strong excitonic effect in 2D materials makes them suitable for new generation of nonlinear photonics. When electrons and holes simultaneously exist in two-dimensional materials, they will form excitons even at room temperature due to the strong Coulomb interaction, which is enhanced by reduced dielectric screening and strong quantum confinement in 2D limit [47] [48] [49] . Excitons with strong bonding energy up to hundreds of meV form a series of excitonic Rydberg-like states similar to the hydrogen model [29, 50] . The excited states of the bound electron-hole pairs are in series as 1s, 2s, 3s, and so on. This results in strong resonance effect in the absorption spectrum in monolayer TMDs, as shown in Fig. 4(a) . Such resonance effect is under well control at 2D limit. People showed tuning the excitation on and off the excitonic resonance optically or electrically is an effective way to control the nonlinear response [51, 52] . Firstly, through scanning the excitation energy across an exciton peak, the on-resonance SHG is over 15 times stronger than off the resonance, corresponding to a second-order susceptibility contrast of ∼4 (Fig. 4(b) ). More interestingly, the resonant SHG shows good tunability under electrical manipulation. People observed a nearly fourfold reduction in the resonant SHG intensity when gate voltage V g is swept from −80 to 80V (Fig. 4(c) ). And it is also found that larger carrier density, the smaller oscillator strength at the resonance. The origin of such tunability can be understood by the formation of positive and negative trions at high carrier density. Figure 4 (d) presents a SHG intensity maps as a function of gate voltage and SHG emission energy under the 0.85 eV excitation at 30K. For V g near −40 V, there is a peak around 1.74 eV. Toward higher positive V g the feature is suppressed and a new peak appears around 1.71 eV. And for more negative V g the SHG peak shifts to lower energy. And these peaks are assigned to be a neutral exciton (X 0 ) for the peak at 1.74 eV, negatively charged excitons (negative trions, X − ) near 1.71 eV at small positive V g , and positive trions (X + ) at lower energy for high negative V g (see in Fig. 4(e) ). Since exciton and trion are eigenstates of Coulomb interaction at different doping level, the density of states as well as the optical oscillator strength shifts from exciton resonance to trion resonance as doping changes. Hence, the tuning of the SHG efficiency at a given energy is expected. Less screening in 2D materials widens the range of carrier density so that the large SHG intensity modulation is one unique feature for 2D materials. 
Large enhancement of SHG by integration with optical cavity
Multiple layer transfer methods, controlling the process of stacking one material onto another, have been well developed. Such progress makes the integration of various materials become accessible. Integration of 2D materials with well-designed optical cavity to form hybrid systems have been used to enhance the nonlinear coefficient or lower the switch power for the nonlinear optical process. For example, people put a monolayer of WSe 2 on the top of a silicon photonic cavity and increase the SHG intensity by 200 times, compared to the bare monolayer [53] (Fig. 5(a) and 5(b) ). Essentially, silicon with centrosymmetry results in the lack of second order nonlinearity and hinders the application of second order nonlinear integrated photonics. But silicon-based photonic crystal cavity is proved to have both small mode volume (V m ) and high quality factor (Q), where light can be confined and exist for an extended period of time [54, 55] . And the switching power for second order nonlinearity is proportional to V m Q 3 . After transferring the monolayer WSe 2 , the Q of three-hole linear defect photonic crystal cavity (PCC) is ~700-800 and two resonances (~1490 nm and ~1515 nm) of the 2D integrated cavity were observed in the reflectance measurement (Fig. 5(c) ), trapping more light for SHG excitation. And the observed SHG signal (∼745 nm and ∼758 nm) correspond exactly to the half of the cavity resonances (∼1490 nm and ∼1515 nm) (see in Fig. 5(d) ), which is the evidence for enhancement from cavity. Comparing the SHG peak intensity and the power coupled into the cavity, the nonlinear conversion efficiency is estimated to be ~1%. And in contrast to such efficiency for bare monolayers, the cavity enhancement is found to be ∼200 at the lowest pump power and opens the door to energyefficient nonlinear photonics. More recently, with the ultrahigh second order nonlinearity of GaSe and extremely confined resonant mode of the cavity, efficient SHGs in GaSe flakes with an CW excitation power less than 10 µW [56] . The enhancement factor is estimated over 650. Furthermore, based on the similar material and device system, multiple second order nonlinear processes such as sum frequency generations (SFGs) and cascaded SFGs have been demonstrated [57] . These findings promise the energy-efficient ultrathin optoelectronic devices in nonlinear regime. 
SHG modulation through phase transition
More recently, different phases of crystals can be obtained due to the small energy difference between each of them. For instance, 2H and 1T' phases are two possible phases for MoTe 2 and exhibit giant difference in physical properties, including symmetries. People demonstrated phase transition in a MoTe 2 transistor via electrostatic doping, accompanying with symmetry change (Fig. 5(e) ) [58] . In principle through gate bias, the excessive electrons are injected into a monolayer of the 2H phase and occupy the lowest available energy states in the conduction band, which are hundreds of milli-electron volts higher than that in the 1T′ phase. Therefore, at high doping levels, the extra electrons are expected to carry enough energy to lift the total energy of the 2H phase above that of the 1T′ phase, switching the ground state from 2H to 1T′ and inducing a structural phase transition [59] . Along with phase change, the finite SHG vanishes due to the centrosymmetry in the doping-induced monolayer 1T' phase ( Fig. 5(f) ). Meanwhile, 2H phase of MoTe 2 shows the largest nonlinear coefficient among all of the 2D materials [60] and hence gives a good modulation depth of SHG intensity while phase changes. Moreover, the polarized SHG can be a supplemental tool to distinguish crystal phases in few layers. Unlike the six fold pattern observed in 2H phase, two-fold pattern is found in 1T' few-layer crystal because it belongs to C s 1 space group [60] . Furthermore, with the assist of pump-probe SHG, it is a chance to exhibit evolution and dynamics of phase transitions at 2D limit in the near future.
Conclusion and outlook
In conclusion, SHG spectroscopy and microscopy have been widely applied in research on 2D materials, which reveal multiple advantages such as sensitivity to crystal symmetry, noncontact and non-invasive, free of fabrication and easy operation. We have mainly reviewed its application in characterization of crystal orientation and boundary, detection of structural phase transition and discovery of asymmetric polar materials with out-of-plane piezoelectricity or ferroelectricity. On the other hand, 2D materials in turn have revealed huge potentials to develop 2D nonlinear optical device applications with new functionalities based on their giant nonlinear coefficients, strong excitonic enhancement and large electrical tunablity. Clearly, application of SHG spectroscopy and microscopy on atomically thin layered materials provide an easy yet versatile way for exploring novel physics and enables the development of diverse devices derived from these materials.
Current research progress also points towards several future directions. For example, SHG characterization of emerging 2D magnetic materials is in urgent need. Indeed, SHG has been used to detect magnetic ordering demonstrated by early studies [61] [62] [63] [64] [65] . Especially SHG is powerful in the case of AFs where linear MOKE effects are rather weak. Alternatively, SHG can be employed to probe the pump-induced dynamics [66] [67] [68] [69] . For 2D layered materials, multiple types of magnetic orderings were reported recently including ferromagnetism and antiferromagnetism [70] . Probing magnetic ordering formation, magnetic domain and ultrafast magnetic dynamics by SHG is still in its infancy. Another opportunity lies in SHG application on topological Weyl semimetal. One type of Weyl semimetal is based on inversion symmetry breaking such as TaAs [71] (Type I) and Td-phase MTe2 [72] (M = Mo, W, Type II). Besides their novel topological properties and potential applications in spintronics and quantum information, their breaking inversion symmetry features can be easily probed by SHG as recently demonstrated [73] . What's more, the diverging berry curvature close to Weyl points lead to giant SHG enhancement, which may enable topological nonlinear optical devices. Further exploration on this topic to link SHG with topology and Berry curvature is waiting. Finally, while this review focuses on experimental part of SHG researches in 2D materials, it is worthwhile for researchers to investigate theoretical modeling of SHG in 2D materials as well [74, 75] . For example, one open question is how to comprehensively include the important substrate effect into the modeling of SHG in 2D materials. For atomically thin crystals, the interface and substrate naturally become significant. The photonic boundary conditions, the mechanical strain, the electrical charge transfer and other interfacial factors need to be suitably modeled and explored in the future. 
